Contextuality is thought of as an intrinsic signature of non-classicality, and a crucial resource for achieving unique advantages of quantum information processing. However, recently there have been debates on whether classical fields may also demonstrate contextuality. Here we experimentally test a fundamental non-contextual (NC) inequality with both quantum and classical optical systems. In particular, we apply identical measurements on both systems, therefore provide a unified comparison between them. The results show that although the quantum system provides a clear violation of the NC inequality, the violations with the classical system strongly depend on the specific definition of the measurement event which is equivalent to filtering the non-classical component of the input state. Our results link the contextual correlations to non-classical quasi-distributions of optical states, and elucidate the resources required for classical systems to achieve the quantum bound.
The probabilistic nature of measurements in quantum theory, in which observables do not have pre-determined values, is one of the most distinguishing features in contrast to classical physics. This property is accentuated when considering measurements of compatible observables and can be formulated as contextuality [1, 2] , which means that the outcome of a measurement will depend on the context of the other measurements being performed. Tests of contextuality have shown that quantum physics is incompatible with a classical realistic description of the world [3] [4] [5] [6] [7] . Therefore contextuality is often considered as a signature of non-classical behavior, and a critical resource of quantum computation [8] [9] [10] [11] [12] and quantum communication [13] .
As a witness of non-classicality, contextuality generalizes the concept of non-locality that is related to quantum entanglement. Recently, a range of works introduce the topic of classical entanglement, which draw the analogy between non-separability among different degrees of freedom of classical light fields and entanglement among different particles, and suggest that features such as entanglement are not unique to quantum theory [14] [15] [16] [17] [18] . As a natural extension of classical entanglement, contextuality in classical systems has also drawn much interest, and raised discussions on the boundary between the quantum and classical worlds [19] [20] [21] . In particular, it has been shown that one can achieve quantum bounds in classical physics by proper considerations of measurement events [19] . However, whether this implies that classical systems can have the same correlations as quantum systems, and whether such correlations may enhance the performance of certain applications [22] [23] [24] , are not clear to date.
Contextuality of a physical system can be demonstrated through the violation of non-contextual (NC) inequalities usually involving dichotomic measurements with binary outcomes (e.g., ±1). To date, tests of contextuality and entanglement in classical systems have used measurement devices different from those used for quantum systems [17] [18] [19] , and the binary outcomes are not the direct response of the devices but rather defined artificially, for example, by discretizing the continuous outcomes together with certain selection rules [19] . Although these devices are elaborately designed to ensure the classical systems reproduce probability distributions given by the quantum theory, they have, nevertheless, different working mechanisms and are described by different physical models other than those used for quantum systems. Such differences make the comparison between the behaviors of quantum and classical systems obscure.
To resolve these issues, in this work we experimentally test contextuality of both quantum and classical systems with identical measurement devices and binary outcome detectors, leaving the only difference in the types of the tested system. The quantum and classical systems are realized with an indivisible single-photon state and coherent states of the electromagnetic field respectively. For classical coherent states, we show how contextual correlations emerge under proper consideration of measurement events. We elucidate the resource required to produce such contextual correlations in terms of post-selection probability, and map the violation of the NC bound for a linear-optical setup to the non-classicality of the measured field.
The scenario of testing contextuality.-As shown in Fig. 1 , the general framework of testing contextuality consists of a physical system in a given state ρ as input and measurement device including a set of observables {A i }, where i labels a particular observable. In each trial, the device performs measurements of several compatible observables constituting a measurement context, arXiv:1810.07966v1 [quant-ph] 18 Oct 2018 FIG. 1. The scenario of testing the KCBS inequality. A physical system is prepared in state ρ and sent to a measurement device, which performs measurements of compatible observables {Ai, Ai+1} and produces outcomes {ai = ±1, ai+1 = ±1}. The measurement device can be set to different configurations to realize distinct contexts {Ai, Ai+1}. An event register records the statistics of outcomes (including potential ancillary outcomes Aanc = aanc), from which the probability distribution used to test the NC inequality can be estimated.
for example {A i , A i+1 } [25] . From the operational point of view, two observables are compatible if they can be jointly measured in a single device [1, 26] . The welldefined measurement outcomes {a i , a i+1 } of each trial are denoted by lower case symbols. In actual implementations, there may be more outcomes besides A i and A i+1 , which can be encapsulated in an ancillary observable A anc = a anc (a anc = 0, 1, ..., d).
An NC inequality is usually associated with a parameter β involving the linear combination of the probabilities P of a set of events E [27] . The Klyachko-Can-BiniciogluShumovsky (KCBS) inequality [28] is the most fundamental NC inequality satisfied by all non-contextual hidden variable models [29] . Consider five dichotomic observables A i (i = 1, 2, ..., 5), each taking a value +1 or −1. Assuming the outcomes of observables reveal a predetermined joint probability distribution, we arrive at the KCBS inequality [28] 
(1) Violation of this inequality implies that the tested system is contextual. Quantum theory predicts the maximum violation of the KCBS inequality to be 5 − 4 √ 5 ≈ −3.944 [28] [29] [30] [31] , which has been demonstrated in photonic and ionic systems [3, 32] .
In the KCBS inequality, the correlation between A i and A i+1 , of the form A i A i+1 , can be measured by the joint probabilities of all possible outcomes
Here P (A i = a i , A i+1 = a i+1 ) denotes the probability of the event "the outcomes a i , a i+1 are acquired when the measurements A i , A i+1 are performed". Equation (2) involves four exclusive events, and the sum of the probabilities of these events equals 1.
Experiment.- Figure 2 illustrates the experimental setup to test the KCBS inequality using heralded single photons or classical coherent light fields. The former are generated through spontaneous parametric downconversion (SPDC) within a potassium di-hydrogen phosphate (KDP) crystal pumped by a frequency doubled pulsed Ti:sapphire laser (830nm, 76MHz) [33] , while the latter is implemented with a set of coherent states generated by a Ti:sapphire laser with a reduced repetition rate (1.9MHz) using a pulse picker and under different attenuation. The second order coherence value of heralded single photons is g (2) (0) = 0.0397 (38) , and the detected count rate of single photons is 42000 counts/s under a heralding efficiency η H = 16.2% accounting for all the losses.
The measurement devices are composed of an optical network to perform transformations on polarization and spatial modes of an input optical field and three avalanche photodiodes (APDs) to produce outcomes. We change the settings of waveplates to realize the measurements of a different pair of observables, and thereby, distinct contexts. The transformation from one context to the other leaves one of the two measurements unaffected, ensuring the measurement is physically the same in the two contexts. The two measurements in each context are realized in a single device and defined by different detectors, thus they are co-measurable and compatible. We assign −1 for the measurement outcome when the corresponding APD gives a click and +1 when it does not. Two APDs give the outcomes of measurements A i , A i+1 , and the third APD plays the role of the ancilla, used to identify the measurement event, i.e. only one detector clicks, at least one detector clicks, etc. All the relevant twofold, threefold and fourfold coincidences between the 3 APDs and the trigger signal are registered using a field-programmable gate array (FPGA) to give the joint probabilities in A i A i+1 [34] . We record clicks of each context in 150 series, 1.4s each, to acquire the expectation value and standard uncertainty.
The data is registered with respect to the measurement event, i.e., a successful trial of the experiment, which can be defined with the aid of ancillary outcomes and the in -FIG. 2 . Experimental setup for testing the KCBS inequality with single photons and coherent light. Single photons are heralded using spontaneous parametric down conversion; the classical light is a weak coherent state generated by a Ti:Sapphire laser and attenuated by neutral density (ND) filters (purple area). The repetition rate of the pulses is reduced by a pulse picker (1.9MHz). The measurement device (yellow area) is realized by a linear optical network, comprised of birefringent beam displacers (BDs), half wave plates (HWPs, used for phase compensation and spatial mode transformation) and avalanche photodiodes (APDs). A FPGA registers relevant events (green area) with a coincidence window of 4.5 ns. BBO: β-barium borate crystal, KDP: potassium di-hydrogen phosphate crystal and PBS: polarizing beam splitter.
put trigger. For one single photon input, ideally one and only one detector can "click", neglecting dark counts, and thus provides a well-defined "measurement event". In contrast, when the coherent light field, which is considered to be classical, is input to the measurement device, there is a non-negligible probability for more than one detector to click due to the multi-photon component within the coherent state |α . Moreover, there are situations that no detector clicks even a state has been input, due to the inherent vacuum component. This fact leads to an inconclusive definition of "measurement event" for classical inputs if we only take the measurement outcomes without referring to the input. In the following analyses, we consider three conditions to define the measurement event: (i) E 1 : only a single detector clicks; (ii) E 2 : at least one detector clicks; (iii) E 3 : the full click statistics, i.e. no post-selection on detectors clicking or not clicking. Generally speaking, E 1 ⊂ E 2 ⊂ E 3 . For a perfect single photon input without any loss, E 1 = E 2 = E 3 and thus the measurement event is defined unambiguously.
In the experiment the presence of single photons is heralded by the detection of photons in the trigger detector D T . However, inevitable experimental imperfections, in particular optical losses and finite detection efficiencies, result in a reduced heralding efficiency and add the vacuum component to the setup, rendering the statistics of measurement outcomes different from those with the perfect single photon input. Since we are interested in the contextuality within different input states, we resort to fair sampling assumption in the sense that the lost photons would have the same behavior as the registered photons. This assumption essentially removes the additional vacuum component and restores the result with perfect single photons. Then a measurement event happens when at least one of the three detectors clicks conditioned on the trigger detector registering photons. By collecting statistics with respect to such definition of measurement events, we obtained the KCBS value β = −3.9176(60), showing a clear violation of the KCBS inequality and confirming that the indivisible single-photon system is undoubtedly contextual. The results without fair sampling, which take into account the vacuum component caused by losses as part of the state, are given in the Supplemental Material [34] . In this case, the three definitions of measurement event do not necessarily give the same result (E 1 ≈ E 2 = E 3 for our source) and a heralding efficiency above 89.65% is required for an unambiguous violation of the KCBS inequality.
For the situation with the classical light field as the input, fair sampling cannot be applied in the same way since it is hard to distinguish between the vacuum component inherent to the input state and those appear due to loss. Yet given that the coherent state remains a coherent state after loss, we can alternatively take all the vacuum components as part of the state. In this way the losses are lumped together in the state preparation and backed out from the measurement devices. The experimental results for the classical light field are shown in Fig.  3(a) , wheren = |α| 2 represents the average photon number per pulse of the coherent state. The violation of the NC inequality under E 1 is similar to that of single photons, which reaches the quantum bound. Note that due to the saturation of the APD, the violations can even be stronger than the quantum bound [34] . E 2 takes a simultaneous response of different detectors into consideration, but still filters out the contribution of the vacuum component which does not fire the detectors. As a result, a significant violation is observed when the zero-click prob- ability is considerable; and the violation disappears with the increase ofn because the zero-click probability gets negligible. For E 3 we record all events with respect to the repetition rate of the input state. Under this condition, coherent states cannot violate the KCBS inequality. The experimental results are in agreement with the theoretical predictions [34] . The result for the heralded single photons with fair sampling is also shown in the figure for comparison. It can be seen that the results with coherent states are in strong contrast to those with single photons, where E 1 , E 2 and E 3 give nearly the same violation of the inequality. The definition of the measurement event is essential for testing contextuality with classical systems. Actually, we assign conditional probabilities
and E 2 would register events conditionally, resulting in post-selection in measurement outcomes. With such post-selection, the probabilities of events are observed and renormalized in a subspace of the complete outcomes. The post-selection probability under E j can be calculated by Figure 3 (b) demonstrates the post-selection probabilities P (E j ) for different E j [34] . E 1 always violates the inequality, but maintains a small post-selection probability. The value of β under E 2 increases with the increase of the post-selection probability P (E 2 ), while P (E 2 ) approaches 1 at largen, due to the vacuum component of the input field becomes negligible. These results demonstrate the quantum-to-classical transition in the contextuality test, from single photons to coherent light fields. For the full statistics E 3 , which poses no post-selection, we observe no violation of the KCBS inequality.
Discussion.-The violation of the NC inequality is determined by the joint photon number distributions before the detectors in our setup. According to Eq. (2), the violation is related to the correlation function of the outcomes i, i + 1 defined by
This quantity is similar to the second order correlation function g (2) often used to assess the non-classicality of light field. For a linear-optical network with a coherent light field as the input, the output state is uncorrelated between different modes [35, 36] 
, and thus the KCBS inequality cannot be violated. Moreover, if the input field is not perfectly coherent (e.g., the thermal light), the output modes are classically correlated [37] , but the result still does not violate the NC inequality [34] . Violating the KCBS inequality requires at least g i,i+1 < 1, implying non-classical correlations of outcomes which put the requirement on input states. To elucidate this requirement, we start with the Glauber-Sudarshan P representation of the input optical fieldρ = d 2 α P (α)|α α| [38, 39] . Then the value of β can be represented as
where β (α|E j ) denotes the value of β for the coherent state |α under E j . If one aims at testing the contextuality of the input system, the measurement event should be correspondingly defined in accordance with the input (E 3 ) instead of the help of ancillary outcomes (see Fig. 1 ). For our setup β (α|E
, we have
where P (α) uniquely determines the photon number distribution [34] . β E3 < −3 requires P (α) to be negative for certain α or more singular than the Dirac-delta function.
In this sense, violation of the KCBS inequality without post-selection provides a sufficient criteria for the nonclassicality of the input optical state. As an example, we provide a numerical simulation on the violation of the KCBS inequality with different optical states (see Fig. 7 of the Supplemental Material [34]).
On the other hand, the measurement event definition procedure in our experiment can be understood as a postselection on certain component of the input optical state. For example, E 1 effectively selects the single-photon component when the intensity is low, while E 2 removes the vacuum component of the state [40] . Such post-selection can be understood as the time reversal between input and measured states [41] , and can be confirmed by comparing β E1 and β E2 of coherent states with β E3 of the postselected components, respectively [34] . Both the postselected states possess non-classical superposition in the P function, allowing a possible violation of the KCBS inequality. Indeed the post-selected correlation g i,i+1 for E 1 always equals 0, while g i,i+1 = 1 − exp −|α| 2 < 1 for E 2 . From this perspective, the violation of the inequality should be attributed to the post-selected nonclassical components, which are non-deterministically generated with probability P (E j ) < 1. In particular for the coherent state input,
2 . Accordingly, the resource for this nonclassical behavior should be carefully evaluated [42] . One can demonstrate quantum (even beyond quantum) contextual statistics with only classical inputs but at a cost of more resources, i.e. more copies of states, due to the reduced post-selection probability. The relation between this resource and the memory cost needed to demonstrate contextuality [43, 44] is an interesting issue to be further investigated.
Conclusion.-We experimentally test the KCBS inequality, a fundamental witness of contextuality, with single photons and classical light fields using the same linear-optical setup and measurements. In contrast to the clear violation of the inequality with single photons, the observed correlations with the classical light fields cannot violate the non-contextual inequality if we take into account the full statistics of measurement outcomes. It is further shown that the violation of the non-contextual inequality requires non-classical quasi-distribution of the optical states. Quantum correlations can emerge by filtering the non-classical component of the optical field through an appropriate definition of measurement events, but at a cost of reduced post-selection probability. Our results shed new light on the boundary between the quantum and classical domains, and foreshadow a new means of resource evaluation for classical simulation of quantum contextuality.
We thank X. 
SUPPLEMENTAL MATERIAL EXPERIMENTAL DETAILS
Single photon source and classical light source.-Light pulses of ∼150 fs duration, centered at 830 nm, originating from a Ti:Sapphire laser (76MHz repetition rate, Coherent Mira-HP) are split by a beam splitter into two beams. The transmitted one is sent to a pulse picker (Coherent, distinction ratio > 500 : 1) since the repetition rate of the laser oscillator is too high to the bandwidth of photon-counting detectors. The repetition rate of the light pulses is reduced to 1.9MHz and the intensity of the pulses is attenuated by a set of neutral density filters. A synchronizing signal from the pulse picker (1.9MHz) gives the trigger signal of the weak coherent state input. The reflected beam is frequency doubled in a β−barium borate (BBO) crystal to generate second harmonic beam (415 nm central wavelength). Then the beam is used to pump a 10 mm bulk potassium dihydrogen phosphate (KDP) crystal phase-matched for type-II collinear degenerate downconversion, which produce photon pairs, denoted as signal and idler. The signal and idler photons are separated by a polarizing beam splitter (PBS) and coupled into single mode fiber. The idler mode is detected by an avalanche photodiode (Excelitas Technologies, SPCM-AQRH-FC with a detection efficiency about 49%) to give the trigger of the heralded single photon source, while the signal mode is sent to the measurement device shown in the main text. In addition, the second order coherence value g (2) (0) of the heralded single photons is measured by splitting the signal mode at a 50:50 beam-splitter and detecting the two output modes with two APDs (labeled by a, b), then the second order coherence value can be calculated by
Here C a,b,T denotes the three-fold coincidence rate between detectors a, b and heralding, while C a,T (C b,T ) denotes the coincidence rate between detectors a (b) and heralding. The experimental result exhibits g (2) (0) = 0.0397 (38) , ensuring the measured state is very close to a single photon state. Moreover, to estimate the imperfections in the state preparation and detection, and thereby the vacuum component caused by loss in the experiment, we calibrate the losses in the state preparation and detection respectively, and reconstruct the photon number statistics of the state at three different positions of the setup: (i) before all the loss, i.e., derived from the final photon number distribution and the beam splitter model; (ii) before the measurement device, accounting for the imperfection in the source; (iii) accounting for all the loss. The results are shown in Fig. 4 . Fair sampling for the two sources.-The idea of fair sampling is that the reported statistics is a fair statistical sample of the results of kind of states without any loss, based on the assumption that the loss is independent on the measurement settings. For heralded single photons, the loss in the setup would add additional vacuum component to the state, and all the events with no clicks on the three detectors are caused by loss. As a result, we can extrapolate the measurement results to what would be obtained with 100% detection efficiency according to the fair sampling assumption. The events conditioned on "at least one of the three detectors (D 1 , D 2 , D 3 ) clicks, and simultaneously the trigger D T clicks" are fair samples of the ensemble of all heralded single photons without loss. Alternatively, one can also consider the results without applying fair sampling. In the following, we consider an experiment with non-unit heralding efficiency, and the results correspond to a state including the vacuum component caused by losses in the apparatus. The heralding efficiency η H is defined by
where N T denotes the count rate of heralding clicks (the trigger detector D T ), and C i,T denotes the coincidence count rate between the detector i and the trigger detector D T . The measured heralding efficiency of single photons in the experiment is 16.2%. Figure 5 (a) shows the KCBS value for the single photon source without applying fair sampling, which gives the measured value β = 3.5550(30) under E 3 and β = −3.9176(60) under E 2 in our case. The result of E 1 is very close to that of E 2 because the multi-photon component for the source is nearly zero. The detailed experimental values are shown in Table. I. It can be seen from the figure that the increasing of the value is mainly due to the finite heralding efficiency compared with the one for ideal single photons. If we do not apply the fair sampling assumption, the violation of the non-contextual bound cannot be observed with a heralding efficiency less than 89.65%. The single photon source can achieve quantum bound without applying fair sampling if the heralding efficiency is sufficiently high, while the coherent states with varied amplitudes never violate the inequality under full statistics E 3 , irrespective of detection efficiency and intensity. For coherent state input, fair sampling can be taken in the same idea that the loss is independent of measurement setting, thus the registered statistics is a representative sample of a attenuated coherent state accounting for the losses. Note a coherent state remains coherent with loss and the photon number distribution is always Poissonian with a smaller average photon number. Given that the measurement device is based on a linear optical network, it is reasonable to incorporate the overall losses from the photonic network and detection into the preparation part. The TABLE II. The correspondence between the registered events and the clicks of detectors D1, D2 and D3 (as in Fig. 2 of the  main text) . Note all of the events are conditioned on the measurement event Ej.
overall detection efficiency η can be abstracted as a beam splitter with splitting ration η : (1 − η) in the preparation stage, thus the measurement result is equivalent to that for a coherent state | √ ηα , and the linear optical network can be regarded as a lossless channel. The registered detector clicks is a fair sample of the coherent state with a smaller average photon number.
To estimate the reduced average photon number of the coherent state η|α| 2 from the click statistics, we consider the detection of coherent states |α i distributed in m modes. The average collected clicks when we put m APDs to detect the light fields can be derived from the Poissonian distribution of coherent states
Here |α i | 2 denotes the average photon number of the coherent state in the i-th mode, and n i denotes the corresponding collected average clicks by the i-th APD. Applying Eq. (9) to the scenario in our experiment, we arrive at the average photon numbern of the coherent state | √ ηα
Measurement setting and data collection.-In the language of quantum theory, the maximum violation of the KCBS inequality can be achieved by performing 5 projective measurements on a qutrit system. For the single-photon input |ψ = (0, 0, 1)
T , the 5 projectors can be represented as P i = |ψ i ψ i | (i = 1, 2, ..., 5), where
Here c i is the normalization coefficient. Then the 5 observables can be defined by A i = 2P i − 1 1, producing outcomes {+1, −1} [28] . The three modes in our setup are defined as one spatial mode of the light field, and the vertical polarization and horizontal polarization in another spatial mode, denoted as mode 0,1,2 respectively. The beam displacers (BDs) and half wave-plates (HWPs) are then used to perform operations on the polarization modes and transformations on the spatial modes. The following detectors thus perform the corresponding measurements by the detection of the light field distributed in the three modes. The experiment goes by changing one of the measurement to another and measuring a different context. The data of the experiment is recorded by an event register, including the clicks of the detectors (the three APDs) and the signal from the input trigger. The trigger signal of the single photon source is the clicks of the trigger APD in the idler mode of the spontaneous parametric down-conversion (SPDC), while the trigger signal of the classical light pulses is a synchronizing signal of the pulse picker monitored by a fast photodiode (PD). In each measurement context, two of the three APDs give the outcomes of the observables A i , A i+1 , while the third APD plays the role of ancillary outcomes A anc = 0, 1. The detailed settings that the clicks of which two detectors are registered are summarized in Table. II. For example, in the context {A 1 , A 2 }, we register the clicks of Detector 2 for the counts n(A 1 = −1), the clicks of Detector 3 for the counts n(A 2 = −1), and the coincidences of Detector 2 and Detector 3 for counts n(A i = −1, A i+1 = −1). All of the counts are collected with respect to the measurement event E j with counts N j . Then the conditional probabilities P (A i = −1, A i+1 = −1|E j ) can be calculated by P (
In other words, the probabilities are assigned and renormalized over the event E j . In the experiment with full statistics (E 3 ), the statistics of outcomes are registered with respect to the input trigger without the help of the ancillary outcome. The dark noise is negligible compared with the count rate because all the registered counts are based on the coincidences between the detectors and the input trigger. Summary of results and imperfections.-As a detailed summary of the experimental results, the experimental values with error bars for the coherent state inputs are summarized in Table. V. Moreover, we give the collected experimental probabilities for several representative cases with coherent states under different measurement events E j , as shown in Tables. VI and VII. For each measurement context, the assigned probabilities P (A i = −1|E j ), P (A i+1 = −1|E j ) and P (A i = −1, A i+1 = −1|E j ) with respect to the measurement event E j are used to calculate the correlation A i A i+1 |Ej by Eq. (2) in the main text. (19) 0.0058 (7) 0.5554 (19) 0.0020(4) −3.0074 (9) In our experiment, the main imperfection is the inaccuracies of the configurations of waveplates and beam displacers. This imperfection may lead to five observables which are not ideally symmetric as the maximum violation case. As a result, the measured probabilities do have some discrepancies from the ideal case, resulting in a lower observed violation of the KCBS inequality. However, this imperfection does not change the non-contextual bound [Eq. (1) in the main text], because the derivation of the non-contextual bound does not depend on any specific arrangement of the experiment, only the axioms of probability theory are assumed. An observed violation of the non-contextual inequality always shows the contextuality of the system, therefore our arguments are not affected.
Another issue is that due to the experimental imperfections, the measurement A 1 in the context {A 1 , A 2 } (denoted as A 1 in the following) and context {A 5 , A 1 } (denoted as A 1 in the following) are not physically the same. To take this imperfection into consideration, we adopted the method proposed in [3] to characterize the difference between A 1 and A 1 and correct the non-contextual bound. The non-contextual inequality in the practical case is a test including six observables, A 1 , A 2 , ..., A 5 and A 1 . The effect of this difference on the non-contextual bound is quantified by
The conditional probabilities P (A 1 = a 1 |A 1 = a 1 ) can be experimentally measured by setting the measurement context in {A 5 , A 1 } and blocking the mode corresponding to A 1 or the other modes except for A 1 . As a result, the experiment is conducted under the condition A 1 = 1 or A 1 = −1. The experimental result to correct the bound is shown in Table. IV. This difference render the actual non-contextual slightly different from the ideal case (-3). All the results in the experiment are compared with the characterized bound rather than the theoretical one.
DETAILS OF THEORETICAL PREDICTIONS
According to the probability theory, the result of a correlation experiment can be abstracted as a mathematical description of the measurement scenario: the probability space. The probability space is described by a triple (Ω, E, P ) which consists of 3 parts: the sample space Ω, which is the set of all possible outcomes {a i , a i+1 , a anc }; the event space E, which is a set of events {e k } (subset of Ω) relevant to the purpose of the experiment; the probabilities of events P , P (Ω) = 1. To test an non-contextual (NC) inequality, one can define a proper event space E, and then calculate the parameter β with the collected probabilities P of these events.
In the following, we give the quantum description of the classical light experiment and derive the theoretical predictions. From the viewpoint of quantum theory, coherent states are the quantum-mechanical equivalents of 
{A4, A5} 0.4395 (7) 0.4679 (6) classical monochromatic electromagnetic waves, due to the fact that the properties of coherent states most closely resemble the classical behavior of light field. Coherent states can be expanded in terms of the Fock states |n , and the probability of detecting n photons subjects to the Poissonian distribution
In the experiment with classical light fields, the input state can be denoted as
where 0, 1, 2 denote the 3 input optical modes. After the transformations of the linear optical network, the state becomes coherent states distributed in 3 modes. For example, in the measurement context {A i , A i+1 }, the output state can be ideally described as
Here A anc denotes the optical mode of the ancillary observable corresponding to the third APD in the measurement device. We define A anc = 0 when the third APD gives a click and A anc = 1 when it does not, then the measurement outcomes of the experiment can be represented of the form {a i a i+1 a anc }. Accordingly, the 3 conditions of measurement events E j can be defined by From the perspective of quantum measurements, the APDs perform projective measurements on the quantum state |ψ . The projection operatorP +1 = |0 0| andP −1 = 1 1 − |0 0|, where 1 1 is the identity operator. As a result, we can derive the joint probability distribution P (A i = a i , A i+1 = a i+1 |E j ) over the outcomes under measurement context {A i , A i+1 } and measurement event E j . Consequently, we can calculate the KCBS value β(α|E j ) = i M i (α|E j ) and the post-selection probability P (E j ) for coherent state inputs. Here i denotes different contexts {A i , A i+1 } and M i (α|E j ) represents the measurement result A i A i+1 |Ej for the coherent state |α under E j . For Condition (i):
For Condition (ii):
For Condition (iii):
THE CORRELATION OF THE OUTCOMES AND THE NON-CLASSICALITY OF THE STATE
The correlation of the outcomes.-As clarified in the main text, the correlations between the measurement outcomes play a central role in the violation of the KCBS inequality. The measured values of correlation function g i,i+1 [defined in Eq. (2) in the main text] between the outcomes A i and A i+1 in our experiment are summarized in Table VIII for single photons and classical light fields. As we expected, the measured correlations in the single photon experiment are nearly zero. The joint probability term P (A i = −1, A i+1 = −1) thus can be ignored compared with the marginal probabilities P (A i = −1). In contrast, the measured correlations g i,i+1 in the classical light experiments are about 1, which testify the outcomes are uncorrelated. The measured values are slightly larger than 1 due to the intensity fluctuations in the light waves [40] .
When the light intensity is low, the correlation function g i,i+1 defined in the main text can be approximately recast into
where I i represents the intensity of the light in the port i (which corresponds to the observable A i in the experiment). This formulas is very similar to the second order coherence g (2) (0) of the light field, which is a witness of nonclassicality of light fields and used to quantify the photon antibunching. In practice, the violation of non-contextual inequalities does not solely depend on g (2) of the state, but also depends on the specific photon number distribution (determined by the average photon number for a specific kind of number distribution, e.g., coherent states, thermal states). As we shown in the main text, the violation of the NC inequality with a linear optical setup is related to the photon statistics of the input light field. In the following, we establish the connection between the input state and the violations of non-contextual inequality in the Glauber-Sudarshan P representation.
Non-classicality and contextuality in Glauber-Sudarshan P representation.-We start with the mapping of the linear optical network for a coherent state |α as input in one mode and vacuum state |0 in the other two modes,
Then let us consider a general input state in mode 2 instead of a coherent state. The input field can be represented asρ in = |0 0 0| ⊗ |0 1 0| ⊗ρ, where the the Glauber-Sudarshan P function ofρ is denoted by P (α). The GlauberSudarshan P representation of the input field can be written as:
And the output field of the optical network can be represented aŝ
If the value of β for a coherent state |α as input is denoted as β(α|E j ) = i M i (α|E j ) under E j , generally the value of β for the stateρ in is
In our case, applying the operatorÔ = |0 Ai 0| ⊗ |0 Ai+1 0| + (
on the state, and recalling that the experiment has 5 symmetric contexts, we arrive at the value of β under E 3
whereP (|α|) represents the qusi-probability distributionP (|α|) = 2π 0 dφ |α|P (α), φ = arg(α) [40] . The photon number distribution of the input state can also be derived by this qusi-probability distribution:
The photon number distribution P(n) can be represented as an average over Poissonian distributions. To violate the KCBS inequality the β value should be less than −3, i.e.
In our case, since the β value for a coherent state input always can not violate the inequality in spite of the average photon number [min(β) = 0 for coherent states], there should be some non-classicality in the P-representation of the input state P (α) if a violation is observed with this input state.
The equation can also be represented in terms of post-selection probability P (E 2 ),
Substituting the P function of the single photon state P (α) = 1 + 1 4 ∆ δ(α) into Eq. (30), one can find that the KCBS value of β(α|E 1 ) under the limit α → 0 is equal to the value of single photon state under E 3 . Similarly, consider the state
which is equivalent to a coherent state with vacuum component removed. The state possesses a P function C a,(b,c) ,T denote the coincidence count rate in 1.4s between the detectors a, (b, c) and the trigger signal (the synchronizing signal of the pulse picker), and NT denotes the corresponding count rate in the trigger signal. The values in the brackets represent standard uncertainties given by 150 repetitions of the experiment and data collection. n = 0. 10  C1,T  C2,T  C3,T  C1,2,T  C1,3,T  C2,3,T  C1,2 (1548) 67783(1055) 17333 ( 
